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Abstract
We study the production of scalar particles χ coming from the decay of a free and highly occupied scalar field φ in the
framework of a toy model with an interaction gφχ2. We explore the parametric resonant instabilities coming from Bose
enhancement in two opposite cases; (1) massive φ and massless χ, which has been vastly discussed in the literature, and (2)
massless φ and massive χ. We find that in case (2) the decay is allowed by Bose enhancement under two conditions; 1) the
mass mχ of χ must be much smaller than the momentum p of the field φ and 2) the energy density of φ must be bigger than
p2m4χ/(2g
2). We also compute the spontaneous decay rate finding that in case (2), when the energy density of φ far exceeds
the threshold for the instability, it is a half of the spontaneous decay rate of case (1).
The decay of a particle into other species is one of the
simplest and most relevant effects in relativistic field the-
ories. From the theoretical point of view, the decay rate
for a process φi → φj+φk can be defined in perturbation
theory as [1]
Γ = V
∫
d3pj
(2pi)3
V
∫
d3pk
(2pi)3
d|Sfi|2
dt
(1)
where V is the volume where the theory is defined, t the
time and |Sfi|2 the transition probability of the process.
When the initial and final states are asymptotic, i.e. free
of interactions, the matrix element Sfi ≡ 〈f |S |i〉 is
Sfi =
i(2pi)4δ4(pi − pj − pk)√
2ωpiV
√
2ωpjV
√
2ωpkV
Mfi (2)
where Mfi is the Feynman amplitude. In this formula,
the delta function imposes that the momentum and en-
ergy conservation must be exactly fulfilled in the transi-
tion.
One interesting case, that inspired us to write this let-
ter, is the axion decay into two photons. For this process
Eq. (1) gives us
Γa→2γ =
g2aγγm
3
a
64pi
(3)
in the axion rest frame. Here gaγγ is the axion to two
photons coupling and ma the axion mass. On the other
hand, when the axion field is highly occupied in a particu-
lar state, one can find that the photon field suffers a para-
metric resonance which leads to an exponential growth
of the photon occupancy number [2–8]. Parametric res-
onance is a well known effect with many applications in
cosmology, for instance in the physics of inflation [9–15]
(see Ref. [16] for a review). Let’s discuss briefly this
parametric resonance in more detail for the axion case.
In a homogeneous and free axion field background with
energy density ρa the photon emission by axion decay
obeys the following equations of motion for the photon
creation and annihilation operators
∂taγ,~k = σa e
i~kt a†
γ,−~k. (4)
Here
σa =
gaγγ
2
√
ρa
2
(5)
and
~k = 2k −ma, (6)
where k = |~k|. Moreover, we have used a circular po-
larization basis where both polarizations are decoupled,
then Eq. (4) holds for any of them. Eq. (4) was found
under the assumption of a highly occupied axion field,
so this analysis does not consider back-reactions over the
axions. The general solution of (4) is
aγ,~k(t) = e
i~kt/2
[
aγ,~k(0)
(
cosh(skt)− i
~k
2sk
sinh(skt)
)
+
σa
sk
aγ,−~k(0)
† sinh(skt)
]
(7)
where sk =
√
σ2a − 2~k/4. For every mode ~k the occu-
pancy number is
fγ,k(t) =
1
V
〈0| aγ,~k(t)†aγ,~k(t) |0〉 =
σ2a
s2k
sinh(skt)
2. (8)
To get (8) we assumed no initial photon occupancy num-
ber, i.e. fγ,k(0) = 0. For each mode ~k, we have exponen-
tial growth solutions as long as 2~k < 4σ
2
a or
ma
2
− σa < k < ma
2
+ σa. (9)
We can compute the photon density using a saddle point
approximation, for σat 1 we find
nγ(t) = 2
∫
d3k
(2pi)3
fγ,k(t) ' m
2
aσa
8
√
(2pi)3
e2σat. (10)
From (10) and (9) we see that the photon density grows
at the rate
γa→2γ = 2σa ∼ gaγγ
√
ρa
2
(11)
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affecting a bandwidth of size
δk = 2σa (12)
centered at k = ma/2. Two interesting concerns arise
from the above results. First, it seems to be a contra-
diction between Eqs. (3) and (11). The most important
discrepancy is that the former scales as g2aγγ while the
latter as gaγγ . Fortunately, references [17, 18] give a very
nice explanation about what is happening. Looking at
the Boltzmann equation one finds
n˙a = −Γa→2γ
(
1 + 2fγ,ma/2
)
na. (13)
We can see that the decay rate is corrected by a factor
1 + 2fγ,ma/2. When fγ,ma/2 > 1/2 the decay rate is en-
hanced dramatically. This effect is known as stimulated
decay or Bose enhancement. To probe that fγ,ma/2 > 1/2
can be reached easily, let’s analyze Eq. (13) at the be-
ginning, when fγ,ma/2 = 0. Since n˙γ = −2n˙a, after a
small period of time δt we get nγ = 2Γa→2γnaδt. From
the uncertainty principle the photon field is spread in the
energy bandwidth δk ∼ 1/δt, then
fγ,ma/2 ∼
nγ
8pi(ma/2)2δk/(2pi)3
= 8pi2
Γa→2γna
m2aδk
2
. (14)
Now, using (3) and taking (12) for δk, we find
fγ,ma/2 ∼
pi
4
>
1
2
(15)
It means that the effect coming from Bose enhancement
becomes important instantly. Moreover, using (14), Eq.
(13) can be written as
n˙γ ∼ 2σanγ (16)
which is consistent with (10), at least in the order of
magnitude.
The second concern is the energy conservation. All the
axions are at rest and have the same energy ωa = ma,
then by energy momentum conservation one expects that
every produced photon should have an energy ma/2.
The modulus of the momentum of the produced photons
spreads over a bandwidth given by (9), so most of them
are slightly shifted from ma/2. If we would consider the
produced photons as particles in a final free of interac-
tions state, clearly the modulus of its momentum should
be its energy and we would think about a problem with
energy conservation. However it is not the case because
the photon states produced from every single decay con-
tinue to interact with the background, at least when they
are still inside the axion cloud region. Looking at Eq. (7)
we see that a consequence of this interaction is that the
frequency of every photon mode is shifted respect to k by
adding an amount −~k/2. It leads to a photon frequency
Ek = k − ~k/2 = ma/2 as expected.
So far we have discussed the particular case of the para-
metric resonance in axion physics, nevertheless solutions
of the form (7) are recurrent in decays of highly occupied
fields. While the analog of σa has in general a momen-
tum dependence (σa → σ~k) and a different form as the
axion case (it also depends on the form of the coupling),
it always scales as the squared root of the energy density
ρφi of a decaying field φi. On the other hand, and also
very important, k has always the same form; i.e. for a
process φi → φj +φk, if the decaying field φi is occupied
in a state with momentum ~p,
~k = ω
(j)
~k
+ ω
(k)
~p−~k − ω
(i)
~p (17)
where ω(l)~k =
√
k2 +m2l (l = {i, j, k}) and ml the corre-
sponding mass of each field φl. The parametric resonance
and depletion of the field φi takes place when
2~k < 4σ
2
~k
. (18)
It leads to ask ourself, what if φi is massless?1. What are
the conditions for Eq. (18) to be satisfied in the massless
case?. Let’s first discuss the one particle case. When φi is
composed by one particle or a few of them, all the above
discussion is not appropriate because it does not consider
back-reactions on φi, however the analysis is quite simple.
Since the initial and final states are free of interactions,
they have energies ω(i)~p and ω
(j)
~k
+ω
(k)
~p−~k, respectively and
energy conservation implies that the kinematic condition
for the particle to decay is ~k = 0. For mi = 0, ~k can be
zero ifmj = mk = 0. This case has been studied in detail
in [20–23]. When the produced particles are massive (or
one of them) ~k can never be zero and the single particle
can not decay. When φi is highly populated in some
momentum mode, the condition for the decay is actually
Eq. (18). The cloud starts to decay into particles with
momentum modes satisfying Eq. (18) even if ~k = 0
has no solutions, then the decay into massive particles
could be allowed for a massless φi. As σ~k scales as
√
ρφi ,
it is clear that we approach to the kinematic condition
~k = 0 in the limit ρφi → 0. With respect to the energy
of the produced particles, as in the axion case, the time
evolution of the creation and annihilation operators gives
a correction −~k/2 in the frequency of the fields. For each
particle φj the total energy is
E
(j)
~k
= ω
(j)
~k
− ~k/2 =
1
2
(
ω
(j)
~k
− ω(k)
~p−~k + ω
(i)
~p
)
(19)
while for φk we have
E
(k)
~p−~k = ω
(k)
~p−~k − ~k/2 =
1
2
(
ω
(k)
~p−~k − ω
(j)
~k
+ ω
(i)
~p
)
. (20)
1In models of massless preheating [19] the inflaton field suffers
self-interactions due to a λφ4 potential. It makes the zero momen-
tum modes of the inflaton to oscillate harmonically. It finally drives
the decay of the field into SM particles by parametric resonance.
Our question is rather directed at free initial massless particles and
their possibility to decay into massive species.
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The sum of both frequencies gives us
E
(j)
~k
+ E
(k)
~p−~k = ω
(i)
~p . (21)
For every single decay, the energy is conserved.
At this point we have taken the properties of the Bose
enhancement to explain how a cloud of free massless par-
ticles can be depleted by the decay into massive particles.
As far as we know this possibility has not been discussed
in the literature. In the following we will discuss this
mechanism in detail using a simple toy model involving
two scalar fields.
We consider the following interaction hamiltonian den-
sity
HI = gφχ2 (22)
where φ represents the decaying particles, χ the produced
particles and g the coupling constant. For now we con-
sider both fields to be massive. The equations of motion
of the system are
(+m2φ)φ = −gχ2 (23)
(+m2χ)χ = −2gφχ (24)
wheremφ andmχ are the masses of φ and χ, respectively.
We are interested in the case where φ is highly occupied
in a single momentum mode ~p. We also do not want to
consider back-reactions over φ, so the RHS of Eq. (23)
becomes 0. These considerations lead us to write φ as a
monochromatic plane wave as
φ(~x, t) =
√
2ρφ
ωp
cos(~p · ~x− ω~p t) (25)
where ρφ is the energy density associated to φ and ω~p =√
p2 +m2φ. We write the quantum field χ in terms of
creation and annihilation operators as
χ(~x, t) =
∫
d3k
(2pi)3
1√
2Ω~k
(
χ~k(t) e
i~k·~x + χ~k(t)
† e−i~k·~x
)
(26)
where Ω~k =
√
k2 +m2χ and the creation (annihilation)
operators satisfy the commutation relations [χ~k, χ~k′ ] = 0
and [χ~k, χ
†
~k′
] = (2pi)3δ3(~k − ~k′). Inserting (25) and (26)
into (24) we get the following set of equations for the new
operator A~k = χ~k + χ
†
−~k(
∂2t + Ω
2
~k
)
A~k = −ω2~p α
(√
Ω~k
Ω~k−~p
A~k−~p e
−iω~p t
+
√
Ω~k
Ω~k+~p
A~k+~p e
iω~p t
)
(27)
where we have defined
α ≡ g
√
2ρφ
ω3~p
. (28)
Let’s study the resonant solutions of Eq. (27) analytically
using the rotating wave approximation. To do so we first
write χ~k(t) = a~k(t) e
−iΩ~k t where a~k variates slowly re-
spect to χ~k. Neglecting second derivatives of a~k Eq. (27)
can be written as
∂ta~k = ∂ta
†
−~k e
2iΩ~k t − iσ~k
(
a~k−~p e
i
(1)
~k
t + a†
~p−~k e
i
(2)
~k
t
)
−iσ~k+~p
(
a~k+~p e
i
(3)
~k
t + a†−~p−~k e
i
(4)
~k
t
)
(29)
where
σ~k = g
√
ρφ/2
ω2~p Ω~p−~k Ω~k
(30)
and

(1)
~k
= Ω~k − Ω~k−~p − ω~p (31)

(2)
~k
= Ω~k + Ω~p−~k − ω~p (32)

(3)
~k
= Ω~k − Ω~k+~p + ω~p (33)

(4)
~k
= Ω~k + Ω−~k−~p + ω~p. (34)
The rotating wave approximation allows us to only keep
terms that oscillate slowly respect to Ω~k. We can imme-
diately neglect the first term of the RHS of Eq. (29). The
recognition of the other terms that can be neglected will
depend on ~k. The (i)~k defined in (31)-(34) account for the
efficiency of some particular processes. This association
is listed as follows

(1)
~k
: φ~p + χ~k−~p ↔ χ~k (35)

(2)
~k
: φ~p ↔ χ~k + χ~p−~k (36)

(3)
~k
: φ~p + χ~k ↔ χ~k+~p (37)

(4)
~k
: vacuum ↔ χ~k + φ~p + χ−~k−~p (38)
When one of them becomes smaller than some threshold,
the associated process is excited. In the following we are
going to discuss those thresholds.
We are interested in the case where at t = 0 there is
no χ particles. Therefore, at the very beginning the only
relevant process to account is φ~p → χ~k +χ~p−~k. Defining
~k ≡ (2)~k and neglecting non-relevant terms, Eq. (29)
becomes
a˙~k = −iσ~k a†~p−~k e
i~k t. (39)
The general solution of (39) is
a~k(t) = e
i~kt/2
[
a~k(0)
(
cosh(s~kt)− i
~k
2s~k
sinh(s~kt)
)
−iσ~k
s~k
a~p−~k(0)
† sinh(s~kt)
]
. (40)
3
FIG. 1: η~κ as a function of µ for κ = 0.1, 0.2 and 0.5. We used
θ = 0 and α = 10−3.
For every momentum mode ~k its occupancy number is
fχ,~k(t) =
1
V
〈0| a~k(t)†a~k(t) |0〉 =
σ2~k
s2~k
sinh(s~kt)
2 (41)
and the total density of produced particles is given by
nχ(t) =
∫
d3k
(2pi)3
σ2~k
s2~k
sinh(s~kt)
2. (42)
The modes that exhibit parametric resonance are the
ones that satisfy s2~k > 0. Before continuing, we would
like to discuss the validity of our calculation. Our re-
sults were found in a rotating wave approximation where
the amplitudes a~k variates slowly respect to χ~k, so Eq.
(40) is valid under the condition Ω~k  σ~k. Assuming
Ω~k ∼ Ω~p−~k ∼ ω~p we would be safe for
α 1. (43)
Even though condition (43) will be useful in most of the
remaining discussion, we have to pay special attention
when either Ω~k or Ω~p−~k approaches to zero because σ~k
could blow up. For instance, when mχ = 0, Ω~p−~k = 0 if
~k = ~p. Now we are going to study the instability thresh-
old in two opposite cases; (1) massive φ and massless χ,
and (2) massless φ and massive χ. Let’s define the di-
mensionless quantities ~κ = ~k/ωp, µ = mχ/ωp, ~v = ~p/ωp
and β~κ =
√
κ2 + µ2. Let us also define η~κ = s~κ/ωp,
which in terms of the previous parameters is given by
η~κ =
√
α2
4β~v−~κβ~κ
− 1
4
(β~κ + β~v−~κ − 1)2. (44)
For case (1) we can always choose a reference frame where
the particles φ are at rest, then we can make v = 0.
Eq. (44) simplifies and the instabilities take place for
1/2 − α < κ < 1/2 + α. For case (2) Eq. (44) must
be evaluated with v = 1. Fig. 1 shows η~κ as a function
FIG. 2: η~κ as a function of θ for κ = 0.1, 0.2 and 0.5. We used
α = 10−3 and µ =
√
α/2.
of µ for α = 10−3, θ = 0 and different values of κ. Of
course we avoid the extremes κ = 1 and κ = 0 where our
calculation could break down. We can see instabilities
only for µ  1. Fig. 2 shows η~κ as a function of θ
for α = 10−3, µ =
√
α/2 and different values of κ. We
observe that the instabilities occur for θ smaller than 1.
Although these plots are just examples, we can indeed
deduce that the effect takes place in the ultra relativistic
regime (mχ  ω~p) and that the produced particles are
released within a very small solid angle centered at the
direction of ~p. We can explain these results as follows; To
be in resonance we need to make ~k as small as we can.
Typically it is required that ~k is much smaller than Ω~k
and Ω~p−~k. When mχ  ω~p and θ  1 these frequencies
can be written as Ω~k ≈ k+m2χ/(2k) and Ω~p−~k ≈ p−k+
(pkθ2 +m2χ)/(2(p− k)). The main contributions of them
cancel with ω~p getting
~k ≈
p (m2χ + k
2θ2)
2k(p− k) (45)
which is clearly much smaller than the main frequencies
Ω~k and Ω~p−~k, of course, assuming that we are far enough
from k = 0 and k = p. To have a better look of the
instability region, see Fig. 3 where η~κ is plotted as a
function of κ for a fixed µ and different values of θ. We see
that in terms of κ the bandwidth is of the order 1 for θ =
0, much bigger than case (1) where it is of the order of α.
However we also see that the instability region becomes
smaller as θ increases, which is the main advantage of
case (2) where the instability takes place for any angle.
We also see in Fig. 3 that close to the extremes, κ ≈ 1
and κ ≈ 0, η~κ is enhanced. It may contribute to the
efficiency of the process, although we have to be always
alert that s~k/k  1 is satisfied, otherwise we would enter
in regions where our calculation breaks down.
For θ = 0 we find analytically that the limits of the
instability are approximately
κ± =
1±√1− µ4/α2
2
, (46)
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FIG. 3: Shape of η~κ as a function of κ for θ = 0, 0.05 and 0.1.
Here we have used α = 10−3 and µ =
√
α/2.
therefore it has a bandwidth
δκ =
√
1− µ4/α2. (47)
From the above equation we find that the instability is
triggered when µ <
√
α or when
ρφ >
p2m4χ
2g2
(48)
in terms of the required energy density.
As our initial condition is a highly occupied φ and no χ
particles are present, we were interested in the behavior
of Eq. (29) at the very beginning. Now we are going
to discuss what happen after the modes ~k and ~p− ~k are
significantly occupied. For case (1) none of the other (i)~k
become small enough to excite the corresponding process,
then φ continue decaying into momentum modes ~k and
~p−~k of χ particles and Eqs. (40), (41) and (42) are still
valid until back-reactions are activated, i.e. when the
inverse process 2χ→ φ starts to be important. Of course,
it happens when φ is significantly depleted. For case (2)

(1)
~k
and (4)~k are big, of the order of Ω~k, but 
(3)
~k
is as small
as (2)~k . It means that if the process φ~p → χ~k + χ~p−~k is
efficient, once χ~k and χ~p−~k are abundant, the processes
χ~k + φ~p → χ~k+~p and χ~p−~k + φ~p → χ2~p−~k will become
efficient too. Following the same reasoning, a cascade is
produced and every process of the form χ~k+n~p + φ~p →
χ~k+(n+1)~p and χn~p−~k + φ~p → χ(n+1)~p−~k (n = 0, 1, 2, ...)
will be eventually important after some period of time.
To probe this last claim we compute the classical versions
of Eqs. (27) numerically assuming that only the modes
~k and ~p − ~k are initially occupied. Fig. 4 shows |A~k|2
as a function of time for the modes ~k, ~k + ~p, ~k + 2~p and
~k+3~p. We do not plot the modes ~p−~k, 2~p−~k, 3~p−~k and
4~p − ~k because, according to the initial conditions, the
time evolution of their square amplitudes are identical as
the ones for ~k, ~k + ~p, ~k + 2~p and ~k + 3~p, respectively.
FIG. 4: Plots of the amplitude squared |A~k|2 as a function of time
for the modes ~k, ~k+ ~p, ~k+ 2~p and ~k+ 3~p. See the text for details.
We evaluate at ~k = ω~p/2 and we assume that at the
beginning the modes ~k and ~p− ~k have initial conditions
|A~k(0)|2 = |A~p−~k(0)|2 = 1. All the other modes have
zero initial amplitude squared. We see that the square
amplitudes of modes different from ~k and ~p− ~k begin to
grow gradually. In Fig. 4 we also compute numerically in
the rotating wave approximation (see dotted lines). We
basically take Eqs. (29) and solve the system neglecting
fast oscillating terms. It is clear that this approximation
is in perfectly agreement with the full solutions.
Now we are going to find some analytical formulas for
the spontaneous decay rate for case (1) as well as for case
(2). At first order in perturbation theory, the scattering
matrix Sfi of the transition between two states |i〉 and
|f〉 is given by
Sfi =
∫ T
0
dt
∫
d3x 〈f |HI |i〉 . (49)
Here T is the time during which the system transits from
the state |i〉 to the state |f〉. As the transitions that are
typically studied involve single processes where the final
state is free of interactions, one can just make T → ∞.
However, in some cases this approximation breaks down
due to finite time effects [24–26] or simply if the transition
time is not big enough to be considered as infinite [27].
As in our approach φ is considered as a background field
(see (25)) our Fock space only contains information about
χ particles. We are interested in the production of the
first pairs of χ particles, so if ~k and ~q are the momenta of
these produced particles, the initial and final states are
|i〉 = |0〉 and |f〉 =
∣∣∣~k, ~q〉, respectively. Using (22), (25)
and (26) we have at leading order
Sfi =
1
V
σ~k (2pi)
3δ3(~k + ~q − ~p) ei~kT/2 sin(~kT/2)
~k/2
. (50)
We compute the decay rate using Eq. (1). Replacing (50)
into (1) and applying a extra factor 1/2 coming from the
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fact the final states are identical particles we get
Γφ→2χ = V
∫
d3k
(2pi)3
σ2~k
sin(~kT )
~k
. (51)
Let us first consider the scenario where φ is occupied
by one particle state. In this case the system transits
to a free of interactions state after the decay, so we can
take T → ∞. In this limit sin(~kT )/~k → piδ(~k), then
the usual energy-momentum conservation relation, Ω~k +
Ω~p−~k −ω~p = 0, involving the asymptotic initial and final
states holds. For case (1) we, of course, obtain the usual
formula
Γφ→2χ =
g2
8pimφ
. (52)
For case (2) we get Γφ→2χ = 0 because ~k can never be
zero. It is the usual result that prohibits the decay of
massless particles into massive particles due to the lack
of final asymptotic states that satisfy energy-momentum
conservation. Now we consider the highly occupied φ
field scenario. It is clear that there is no asymptotic
states after the first decay, the evolution of the field χ is
rather described by (40). In parametric resonance, the
occupancy number of produced particles grows exponen-
tially as Eq. (41), at least at the beginning, therefore
the transition time of the process is T = (2s~k)
−1. Since
the main contributions for the growth are provided by
modes that fulfill s~k  ~k, we can use the approximation
sin(~kT ) = sin(~k/2s~k) ≈ ~k/2s~k with great accuracy.
Eq. (51) becomes
Γφ→2χ = V
∫
d3k
(2pi)3
σ2~k√
4σ2~k
− 2~k
. (53)
For case (1) we can make σ~k ≈ mφα to preserve only
terms of order g2. We find
Γ
(1)
φ→2χ =
V α2m4φ
16pi2
∫ 2mφα
−2mφα
d√
4m2φα
2 − 2
(54)
=
g2Nφ
8pimφ
(55)
where Nφ = V ρφ/mφ is the number of φ particles. No-
tably, for Nφ = 1 we recover Eq. (52), although the
connection to the one particle case is not clear because
Eq. (55) was found for Nφ  1. For case (2) the inte-
gration is not straightforward as in case (1). In terms of
dimensionless parameters and assuming θ  1, which is
true on behalf of previous discussions, we get
Γ
(2)
φ→2χ =
g2Nφ
8pip
F (µ/
√
α) (56)
where
F (x) =
1
pi
∫ κ+(x)
κ−(x)
dκ
(
pi
2
− arcsin
(
x2
2
√
κ (1− κ)
))
.
(57)
FIG. 5: Plot of F as a function of µ/
√
α. See the text for details.
We recall that κ±(µ/
√
α) are defined in (46). In terms
of the quantity ω~p which is mφ for case (1) and p for case
(2), the ratio between both decay rates is simply
Γ
(2)
φ→2χ
Γ
(1)
φ→2χ
= F (µ/
√
α). (58)
The plot of F (µ/
√
α) is shown in Fig. 5. As we already
discussed, for case (2) the decay is clearly plausible if
µ <
√
α but it becomes impossible for µ ≥ √α. For
µ  √α the decay rate approaches its maximum which
is a half of the decay rate for case (1).
To finish we will briefly discuss the conditions to have
a significantly depletion of the φ field. We already said
that condition (48) triggers the instability, however it is
a necessary but not sufficient condition for a substantial
decay of the cloud. The missing condition is, of course,
that the time tres during which the instability takes place
is enough to reach the exponential regime. It requires
αω~p tres > 1. To estimate tres let’s assume a beam com-
posed of φ particles whose length in the propagation di-
rection is d. We need the produced particles to stay inside
the beam region for the parametric resonance to develop,
otherwise there is no Bose enhancement. Therefore tres
is the time that χ particles take to leave the beam region.
As the χ particles have momenta pointing mainly to the
same direction as the beam propagates, tres should be
given by d/(1 − vχ), where vχ is the velocity of χ parti-
cles. This velocity is approximately 1−µ2/2, which leads
to the following depletion condition
d >
µ2
2αp
. (59)
Notice that our old condition for the resonance µ2 < α
plus the additional condition d > 1/(2p) are enough to
satisfy requirement (59).
As a summary, in this article we have taken the simple
scalar toy model gφχ2 to study the process φ→ 2χ. We
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were interested in the particular case of massless φ and
massive χ. Although the one particle analysis prohibits
the decay by the requirement of energy-momentum con-
servation, we found that when φ is highly occupied, Bose
enhancement effects allows the decay as long as two con-
ditions are satisfied; 1) the mass of the produced particles
is much smaller than the momentum p of the decaying
particles and 2) the energy density of the decaying parti-
cles exceeds the threshold defined in Eq. (48). The small
shift in the frequency of the produced particles allows the
energy conservation of each single decay. We also com-
puted the spontaneous decay rate finding that it is a half
smaller than the opposite case of massive φ and massless
χ. Finally, we estimated that a beam composed by φ
particles can be significantly depleted if the size of the
beam is bigger than 1/(2p).
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